Abstract. In this paper, we have considered linear Weingarten hypersurfaces in a sphere and obtained some rigidity theorems. The purpose of this paper is to give some extension of the results due to Cheng-Yau [3] and Li [7] .
Introduction
Let M be a hypersurface in an (n + 1)-dimensional unit sphere S n+1 (1) . As is well known to us, there are many rigidity results for hypersurfaces in a unit sphere with constant mean curvature or with constant scalar curvature. Now we want to introduce an well-known theorem due to Cheng-Yau [3] as follows: Theorem 1.1. Let M be an n-dimensional compact hypersurface in a unit sphere S n+1 (1) . If (1) M has nonnegative sectional curvature, (2) the normalized scalar curvature r of M is constant and r ≥ 1, then M is either totally umbilical, or
On the other hand, Li [7] studied some hypersurfaces in a unit sphere with scalar curvature proportional to mean curvature and proved the following theorem. Theorem 1.2. Let M be an n-dimensional compact hypersurface in a unit sphere S n+1 (1) . If (1) M has nonnegative sectional curvature, (2) the normalized scalar curvature r of M is proportional to mean curvature
where a is a constant, then M is either totally umbilical, or
Now let us introduce a notion for linear Weingarten hypersurfaces in an (n + 1)-dimensional unit sphere S n+1 (1) as follows: In all of theorems mentioned above, we have assumed that M has nonnegative sectional curvature. In the following theorem, we want to study linear Weingarten hypersurfaces in a unit sphere without the assumption of nonnegative sectional curvature. In fact, we prove the following:
Preliminaries
There are many studies on compact hypersurfaces in an (n + 1)-dimensional unit sphere S n+1 (1) (see [1] , [2] , [3] , [5] - [12] ). In this paper, let us also denote by M a compact hypersurfaces in S n+1 (1) . We choose a local orthonormal frame {e A } 1≤A≤n+1 in S n+1 (1), with dual coframe {ω A } 1≤A≤n+1 , such that, at each point of M , e 1 , . . . , e n are tangent to M and e n+1 is the positively oriented unit normal vector. We shall make use of the following convention on the ranges of indices:
Then the structure equations of S n+1 (1) are given by
When restricted to M , we have ω n+1 = 0 and
This gives the second fundamental form of M ,
and the Gauss equation
Then it follows that (2.8)
where R ijkl denotes the components of the Riemannian curvature tensor of M , n(n−1)r is the scalar curvature of M and |B| 2 = n i,j=1 h 2 ij is the square norm of the second fundamental form of M .
Let h ijk denote the covariant derivative of h ij . We then have
Thus, by exterior differentiation of (2.4), we obtain the Codazzi equation
The second covariant derivative of h ij is defined by
By exterior differentiation of (2.9), we can get that the following Ricci identities hold (2.12)
For a smooth function f defined on M , the gradient, the hessian (f ij ) and the Laplacian f of f are defined by
Let φ = i,j φ ij ω i ⊗ ω j be a symmetric tensor defined on M , where (2.14)
Following Cheng-Yau [3] , we introduce an operator associated to φ acting on any smooth function f by
Since φ ij is divergence-free, it follows that the operator is self-adjoint relative to the L 2 inner product of M , i.e., (2.16)
We choose e 1 , . . . , e n such that
On the other hand, we can deduce from (2.10) and (2.12) that
Putting (2.19) into (2.18), we obtain (2.20)
From the Gauss equation, we have 
Hence we deduce that (2.27) 4
that is,
On the other hand,
From this, together with Lemma 2.1, we have
then we obtain either |B| 2 = 0 and
This completes the proof of Lemma 2.1.
Remark 2.1. When the constant a vanishes, our Lemma 2.1 reduce to Lemma 3.2 in [6] due to Li.
In this paper, we also need the following lemma due to Okumura [9] . 
and the equality holds if and only if at least (n − 1) of the µ i are equal.
Proofs of Theorem 1.3 and Theorem 1.4
First in this section, we want to prove Theorem 1.3 as follows: By (2.20), we can obtain
By using of Lemma 2.1, we can deduce that
Since M has nonnegative sectional curvature and (3.1), we know that
Then it follows from the Gauss equation R ijij = 1+λ i λ j and (3.4) that either M is totally umbilical or M has two distinct constant principal curvatures λ, µ and 1 + λµ = 0. This completes the proof of Theorem 1.3.
Next we want to give the proof of Theorem1.4 as follows:
• Case 1: n = 2. In this case, we obtain from the Gauss equation that
Combining (2.21) and the Gauss equation (3.5), we obtain (3.6) 
